Abstract: We present some formulae for the Drazin inverse of difference and product of idempotents in a ring. A number of results of bounded linear operators in Banach spaces are extended to the ring case.
inverse of difference and product of idempotents were studied by many researchers, such as [3, 4, 5, 9, 13] .
Deng and Wei [5] presented the formulae for the Drazin inverse of difference and product of idempotent bounded linear operators in Banach spaces. In this paper, we give a algebraic proof of the Drazin inverse of sum, difference and product of idempotents in a ring. Moreover, the formulae of the Drazin inverse involving idempotents are established.
Hence, we extend the results in [4, 5] to the ring case.
Some lemmas
In what follows, p, q always mean any two idempotents in a ring R. We state several known results in the form of lemmas without proofs. 
Main results
In this section, we present some formulae on the Drazin inverse of difference and product of idempotents of ring R.
Theorem 3.2. Let p − q ∈ R D . Then F , G and H above are idempotents and
Proof. Since p, q are idempotents, we get
Note that a ∈ R D and ab = ba imply a D b = ba D by [6, Corollary 2] . It follows that
Hence, we have
Next, we prove that F is idempotent. From
we have
We replace p by q in Theorem 3.2 to obtain more relations among F , G and H.
Proof.
(1) We can get (1) and (2) in a similar way of Theorem 3.2.
(4) By Theorem 3.2, we have
The proof is complete.
(1) It is obvious F p = pG, we only need to show pG = pH and pH = Hp.
According to Theorem 3.2, we get
Hence, (1) holds.
(2) Note that qH = Hq in Corollary 3.3 (3) . We obtain that qHq = (Hq)q = Hq. Since H is idempotent, HqH = H 2 q = Hq. Thus, qHq = qH = Hq = HqH.
The following theorems, the main result of this paper, give the formulae of the Drazin inverses of product and difference of idempotents in a ring R.
We prove that x is the Drazin inverse of p − pq by showing the following conditions hold.
We have
(c) Since
According to pH = Hp and qH = Hq, it follows that
(4) Use a similar proof of (3).
(5) Since p − q ∈ R D , 1 − pq ∈ R D according to Lemma 2.1. By Lemma 2.4, we obtain
(2) From pq = ppq and Lemma 2.3, we have
According to (1), we obtain
(1) (pq) D = qp if and only if pq = qp, Conversely, since (pq) D = qp, we obtain pqp = qpq and qp = qpqp. On the other hand,
we also get pqpq = pq. Hence,
(2) By Theorem 3.5(4), we have (
Hence,
We replace p, q by 1 − p and q in the equality (3.1) to get
Multiplying the equality (3.2) by p on the left yields
(3) By Lemma 2.3, we have
Completing the proof.
Proof. By Theorem 3.5(5), we have
we replace p and q by 1 − p and 1 − q respectively in the equality (3.4) to obtain
Multiplying the equality (3.4) by p − pq on the right yields
Multiplying the equality (3.5) by pq − p on the right yields
Notice that (3.6) and (3.7). One has
An involution x → x * in a ring R is an anti-isomorphism of degree 2, that is,
A ring R is * -reducing if all elements in R are * -cancellable. This is equivalent to a * a = 0 ⇒ a = 0 for all a ∈ R.
Theorem 3.9. Let R be a * -reducing ring and p, q be two projectors. Then 
is a * -reducing ring and (pq − qp) * (pq − qp) = 0, it follows that pq = qp. Combining the equalities (3.9) and (3.10), we obtain that pqp = qpq. By the proof of (1), we get pq = qp. Hence, equality (3.8) can be simplified to 6pq = 0. Therefore,
Let p, q be two idempotents in a Banach algebra. Then, p + q is Drazin invertible if and only if p − q is Drazin invertible [9] . However, in general, this need not be true in a ring. 
In Theorem 3.10, we know that if p − q ∈ R D and (p + q)(p − q) π is nilpotent, then p + q ∈ R D . Naturally, does the reverse statement above hold? Next, we give an example to illustrate it is not true. Take R = Z 7 , Hence, p + q and p − q are Drazin invertible. However, (p + q)(p − q) π is not nilpotent.
Koliha and Rakočević [10] proved that p − q ∈ R −1 implies that p + q ∈ R −1 for idempotents p and q in a ring R. Moreover, if 2 ∈ R −1 , then p − q ∈ R −1 is equivalent to p + q ∈ R −1 and 1 − pq ∈ R −1 . Hence, we have the following result. 
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